Topological insulators are exotic material that possess conducting surface states protected by the topology of the system. They can be classified in terms of their properties under discrete symmetries and are characterized by topological invariants. The latter has been measured experimentally for several models in one, two and three dimensions in both condensed matter and quantum simulation platforms. The recent progress in quantum simulation opens the road to the simulation of higher dimensional Hamiltonians and in particular of the 4D quantum Hall effect. These systems are characterized by the second Chern number, a topological invariant that appears in the quantization of the transverse conductivity for the non-linear response to both external magnetic and electric fields. This quantity cannot always be computed analytically and there is therefore a need of an algorithm to compute it numerically. In this work, we propose an efficient algorithm to compute the second Chern number in 4D systems. We construct the algorithm with the help of lattice gauge theory and discuss the convergence to the continuous gauge theory. We benchmark the algorithm on several relevant models, including the 4D Dirac Hamiltonian and the 4D quantum Hall effect and verify numerically its rapid convergence.
I. INTRODUCTION
Topological insulators and topological states of matter have attracted much interest in the last decades [1, 2] . These exotic phases possess physical properties, like the electric conductivity, that rely only on a global feature of the system and are therefore robust with respect to local perturbations. This robustness arises from the topological protection of such systems. The latter can be symmetry protected as in topological insulators, or originates from a global topological order, a new phase of matter that cannot be identified through local order parameters, with a robust degeneracy of the groundstate and global excitations of non-trivial statistics, that can be exploited for realizing quantum memories and for quantum computation [3] . Specifically, topological insulators are remarkable materials in which currents are carried by surface states protected by the topology of the system [1, 2] . A classification of the topological insulators without interactions has been realized in terms of their properties under discrete symmetries in the celebrated "periodic table" of topological insulators [4] and a great effort has been done recently to study systems that go beyond the periodic table such as for example topological Mott insulators [5] , Floquet topological insulators [6] , time crystals [7] , crystalline topological insulators [8] , Weyl semimetals [9] , and non-Hermitian systems [10] .
Topological insulators have been observed in condensed matter experiments in two dimensions such as the quantum Hall effect [11] and the quantum spin Hall effect [12, 13] as well as in three dimensions [14] . Complementary to these experimental realizations, quantum simulation of topological phases has been performed in cold atoms [15] [16] [17] [18] , photonic crystals [19, 20] , photonic quantum walks [21, 22] , and even classical systems [23] . In particular, cold atoms allow one to simulate topological phases in a very clean and controllable environment [24] [25] [26] [27] . The generation of the artificial gauge field is very challenging and gave rise to a plethora of proposals such as laser assisted tunneling [28, 29] , shaking [30, 31] , synthetic dimensions [32, 33] . Recently, the quantum simulation of several models of topological insulators has been experimentally realized using these or related techniques: e.g. the Hofstadter model with bosons [15] [16] [17] and the Haldane model for fermions [18] , with a combination of laser assisted tunneling and shaking, and the 1D SSH model [34] the Hofstadter strip for bosons [35] and fermions [36] with the help of synthetic dimensions. Note that these narrow systems in appropriate conditions display both edge states excitations and topological response to charge pump as the large ones [37] . The topological insulators and their associated topological invariants have been measured in in several experiments. In one dimension, the winding number and the Zak phase have been measured in cold atoms in superlattices [38] , in photonic systems [22, 39] , in superconducting circuits [40] and the robustness with respect to disorder has been recently probed in disordered atomic wires [41] . The Chern number has also been measured through pumping experiments in 1D superlattices [42, 43] or 1D quasicrystals [44, 45] . In two dimensions, the Chern number has been measured through the dynamics of the center mass of the atomic cloud [17] and through the dynamics of highly excited states of the system [46] . Current experiments are now going beyond one, two and three dimensions. Topological insulators in higher dimension exist and are especially interesting as they display novel features and responses that are characterized by novel topological invariants. For instance, Zhang and Hu [47] proposed the generalization of the 2D quantum Hall effect to four dimensions where the role of the magnetic field is replaced by a SU(2) gauge field. The main new feature of such model is that Hall response becomes quadratic in the applied electric field and proportional to the second Chern number, which is trivially zero in topological models in lower dimensions. Simulating such model amounts to realize a 4D Dirac system that can be achieved for instance with synthetic dimensions or by mapping it to a 1D dynamical system [48] . A simpler incarnation of the 4D quantum Hall can be obtained from the product of two separate 2D-quantum Hall systems. That is, the two (Abelian) magnetic fields are applied in two perpendicular but not intersecting planes. This model displays linear and quadratic responses to applied external fields, with the former proportional to the first Chern number as in 2D quantum Hall effect, and the latter to the second Chern number. The simulation of this second version of the 4D quantum Hall was recently proposed to simulate this 4D quantum Hall effect with the help of synthetic dimensions [49, 50] . As an alternative, one can achieve the same model using quasi-crystal realization in two dimensions [51] . Very recently, the 4D quantum Hall effect have been observed by using a 2D Thouless pump with ultracold atoms in 2D optical superlattice [52] and with photons in a 2D tunable waveguide [53] .
In the aforementioned models, the second Chern number can always be computed in terms of a product of first Chern numbers but in general this is not case. There, the calculation of the second Chern number can be challenging, especially in the case where the Hamiltonian cannot be diagonalized analytically. In this work, we propose and construct an efficient algorithm to compute the second Chern number. Our algorithm is a generalization of the one proposed by Fukui, Hatsugai and Suzuki [54] and is based on lattice gauge theory [55, 56] . We illustrate the different steps of the algorithm, and we discuss the equivalence to the continuous gauge theory and its convergence in terms of the grid parameter ∆. We then benchmark the algorithm on several paradigmatic examples. The first one is the lattice Dirac model [57] . This model has the advantage that it can be solved analytically and allows one to compare the results of the algorithm with the exact results. We find numerically the convergence in terms of the grid parameter and show that it corresponds to the theoretically predicted one. The second model is the 4D quantum Hall system obtained from the product of two 2D-quantum Hall ones. This model is experimentally relevant since the computation of the second Chern number is necessary to characterize what could be observed in experiments. Finally, we study a modified version of the 4D quantum Hall effect where the model cannot be factorized anymore in a product two 2D-quantum Hall effect. In this case, there is a need for an efficient algorithm to compute numerically the second Chern number.
The structure of the paper is presented as follows:
1. In section II, we review the definitions of the Chern number and the second Chern number in the continuum.
2. In section III, we outline the different steps of the algorithm. We start to review the construction of the lattice gauge theory in two dimensions, introduce the lattice Chern number, and characterize the convergence to the continuous lattice gauge theory. We then generalize the algorithm to four dimensions and discuss its convergence to the continuum.
3. In section IV, we benchmark the algorithm on three paradigmatic examples: the lattice Dirac Hamiltonian, the 4D quantum Hall effect and the generalized 4D quantum Hall effect.
II. TOPOLOGICAL INVARIANTS
We here review topological invariants related to the quantum Hall effect. In two dimensions, the relation between the the quantization o the transverse conductivity and the Chern number was shown by Thouless et al. within the linear response theory [58] . In four dimensions, the relation between the nonlinear response to the current and the second Chern number was shown by Zhang and Hu [47] .This response has been very recently observed experimentally in Refs. [52] and [53] in a 2D quasicrystal.
A. First Chern number
In two dimensions, the linear response of the current under an external electric field E is proportional to the topological invariants of the energy bands. For a Fermi energy ε F in an energy gap, the transverse current is quantized and proportional to the total Chern number C 1 (ε F ) of the occupied energy bands [58] :
is the Berry connection. Here, |ψ α (k) denotes the eigenstate of the band α and of quasi-momentum k. The Chern number is an integer and is invariant as long as the energy gap does not close. In the case of degenerate energy bands, the definition of the total Chern number has to be generalized to [59] :
where the non-Abelian Berry curvature (F xy (k))
and the trace is taken over the occupied bands.
B. Second Chern number
In four dimensions, the response of the current to an electric field E and a magnetic field B, which in D = 4 is defined as the dual of spatial component field strength and is a tensor with D − 2 = 2 indices, is related to two topological invariants: the linear response is related to the total Chern number and the non linear response to the total second Chern number. For a Fermi energy ε F lying in an energy gap, the response to external electric and magnetic fields can be written as [47] :
The linear response is proportional to the integral on the Brillouin zone of the Berry curvature
The non linear response is proportional to the total second Chern number written in terms of the second Chern number of the band α.
In the case of degenerate bands, the total second Chern number can written:
in terms of the non-Abelian Berry curvature F αβ lm and where the trace is taken over the occupied bands. The above expression can be simplified by taking advantage of the symmetries of the Berry curvature, i.e. F lm = −F ml , to the form:
III. OUTLINE OF THE ALGORITHM
In general, the second Chern number cannot be calculated analytically and one should therefore find an efficient algorithm to compute it numerically. A first attempt would be to define a lattice on the Brillouin zone and discretize derivatives of Eq. (3). However, this strategy proves to be not efficient since this discretization is not gauge invariant and this method converges thus very slowly. We here propose the use of lattice gauge theory to circumvent this problem, as already emphasized for the computation of the first Chern number [54, 56] . In this section, we briefly review lattice gauge theory and describe the different steps of the algorithm. To this end, we define the Berry curvature on a lattice, called field strength tensor, and discuss its convergence to the continuum. The latter allows one to compute the first Chern number in two dimensions and can be generalized for the computation of the second Chern number in four dimensions.
A. Review of the algorithm for the first Chern number
Let us consider the Brillouin zone and define a finite grid of n x × n y small plaquettes of size ∆ × ∆ at momentum k l . The total Chern number C 1 (ε F ) of Eq. (2) can be written as the sum:
where P = occ. bands |ψ α ψ α | is the projector on the ground state of the occupied bands and
is the non-Abelian Berry curvature contribution on each plaquette. Let us discuss how to efficiently compute Eq. (6) . To this end, we first define the link tensor:
The latter describes the phase acquired during the parallel transport between two neighboring sites. This operator is unitary. Next, we compute the phase acquired during the parallel transport around the plaquette by performing the product
With the help of Taylor expansion in ∆ and and the use the Baker-Campbell-Hausdorff formula, one can show that
We therefore define the field-strength tensor asF xy,l = ln U xy,l . The lattice Chern number is then defined asC
However, we find numericallyF xy,l = 0 for each plaquette of the lattice. The latter comes from the fact numerically one cannot distinguish 1 from e 2πim , for an integer m. This problem can fortunately circumvented. First, since U l is a diagonal operator, the projectors can be entered in the logarithm such that one has Tr[P log(U xy,l ) P ] = Tr[log(P U xy,l P )]. Second, one approximates P U xy,l P :
where
This can be done because the unoccupied bands, which by definition are separated by a gap from the occupied ones and thus do not intersect with the former, cannot contribute to the topology. Finally, by using the identity Tr[ln A] = ln[det(A)] and one can then write Eq. (10) as
The quantity above is manifestly gauge invariant, where we admit as gauge transformations any unitary rotation of the occupied and unoccupied states for separate, respectively. However, it is not generically an integer number. In principle, for a generic choice of the lattice in momentum space,C converges at worst as 1/∆ where ∆ is the lattice spacing in momentum space, but it will in general converge faster, see our numerical results of Sec. IV. In fact, we notice that if we take care of not including in our lattice the momenta where the bands become degenerate (see also Ref. [60] ), we can treat the problem as Abelian and restrict the diagonal of the U p 's. This essentially happens because Tr(F ) = Tr(dA), as the trace of a commutator vanishes and the first Chern number receives contribution only from the Abelian part. As the determinant of a diagonal matrix is the product of the diagonal elements, we can define the Abelian link as in Ref. [54] and the 1st Chern number can be taken as it would be the sum of 1st Chern numbers of the bands. Indeed, as shown in Ref. [54] this turnsC in a integer quantity, i.e. the number of cuts encountered in the logarithm that defines the link phase, which is fast converging with the lattice spacing ∆. Again, the velocity of convergence depends on the choice of the discretization grid.
B. Algorithm for the second Chern number
We now propose an algorithm to compute the second Chern number C 2 of Eq. (5). We consider the Brillouin zone and define a finite grid of n B × n B × n B × n B small hypercubes at momentum k l . The second Chern of the occupied bands number is then written as:
is integrated over the hypercube. As discussed in the previous section, we can approximate the Berry curvature by using the field strength tensor obtained from a plaquette of side ∆ with an error of o(∆ 2 ). We face here the same problem as in two dimensions: U µν,l is diagonal with diagonal terms of the type e 2πim and it thus not possible to extract these integers. In this particular case, where we deal with the trace of the product of two logarithms, we cannot apply the identity Tr[ln A] = ln[det(A)]. Thus, we propose here instead to compute U µν,l in the following approximation
and use it to calculate the contribution to the second Chern number of each hypercube cell of the hyperlattice in momentum space. Let us make some comments
• As already discussed in the previous section, the algorithm converges for a generic model and a generic lattice in momentum space as 1/∆, where ∆ = 2π/N is the lattice spacing in momentum space and with N the number of points on the side of our hypercubic. In fact, we typically observe much better behavior. In order to estimate the "typical" convergence one should evaluate which is the error computed on average for different position of the lattice grid. Such calculation is beyond the scope of the present work;
• As noticed above, it is in general not possible, to the best of our knowledge, to "Abelianize" the calculation of the second Chern number, as the commutators of the Berry connection are not cancelling out of the expression of Eq. (4). In addition, one cannot "exchange" the trace with the determinant and thus get an approximant of the second ChernC 2 that has integer values;
• As an alternative, one can construct a non-Abelian link by "unitarizing" the truncated unitaries U [61] . WhileŨ P k+xµ can be thought as the direct non-Abelian generalization of the Abelian link in [54] , its use is not sufficient to give an integerC 2 neither is improving the convergence of the algorithm. Thus, in the next section we present the results obtained by using directly Eq. (16). Note thatŨ P k+xµ has been recently employed in [62] to compute analytically and numerically the Berry curvature in Dirac systems.
IV. BENCHMARK, PEFORMANCE AND APPLICATION OF THE ALGORITHM
We now benchmark the algorithm on several examples, characterize the convergence of the algorithm in these particular cases. The first model is the lattice Dirac model, a lattice version of the continuous 4D Dirac model. This model is exactly solvable and the second Chern number can be written as an analytical integral. The second model is the 4D quantum Hall effect with two perpendicular magnetic fluxes, for which quantum simulations with cold atoms and photons have been proposed recently. In this case, the system should be treated numerically. Here, an identity allows us to write the second Chern number as a sum of product of first Chern numbers. The last model is the 4D quantum Hall effect with coupled fluxes. In this case, it is not possible to decouple the model into two 2D models.
A. Lattice Dirac model
We first benchmark the algorithm on the lattice Dirac model in (4 + 1) dimensions [57] . In this model, the second Chern number can be written in terms of the Poyntryagin index and computed analytically. This is thus a good candidate to test the algorithm and compare the results with exact values of the second Chern number.
In the continuum limit, the Dirac Hamiltonian in (4 + 1) dimensions takes the form
where j = 1, 2, 3, 4 are the spatial dimensions and Γ µ , µ = 0, 1, 2, 3, 4, are Dirac matrices satisfying the anticommutation relations {Γ µ , Γ ν } = 2δ µν I. The lattice version of the Dirac model in tight-binding limit [57] is given by
where the Dirac matrices Γ = (σ x ⊗ I, σ y ⊗ I, σ y ⊗ σ x , σ y ⊗ σ y , σ z ⊗ σ z ) are written as tensor products of Pauli matrices σ µ . In the momentum space, the lattice Dirac Hamiltonian takes the form
where d(k) = m + c j cosk j , sink x , sink y , sink z , sink w . The energy spectrum can be found analytically: the system has two degenerate energy bands E + (k) and E − (k) and is shown for different values of m in Fig. 1 . For this particular model, the second Chern number can be mapped to the Poyntargyn number [57] Figure 2b shows the convergence for m = −3.9, close to the gap closing. In this case, one can distinguish two regimes: before the convergence and the convergence. As expected, the algorithm quickly reaches convergence around N = 60, much before the discretization of the integral which appears around N = 250. 
B. 4D quantum Hall effect
We now benchmark the algorithm on the 4D quantum Hall effect [47] . This model is experimentally relevant since the recent implementation schemes have been proposed for optical lattices with synthetic dimensions [49] and for quasi-crystals [51] where it has been recently experimentally observed [52, 53] . The model is described by a tight-binding Hamiltonian of spinless fermions:
where r = (x, y, z, w),μ is the nearest neighbor link, the operator c † r creates a particle at site r. The gauge is chosen such that A x (r) = A y (r) = 0, A z (r) = 2πφ z x and A w (r) = 2πφ w y. For φ z = p z /q z and φ w = p w /q w , the system can be written in the momentum space by considering a magnetic unit cell of q z sites in the x-direction and q w sites in the y-direction.The generalized Harper equation reads then:
where x = ma and y = na. In this particular case, such a system is equivalent to two 2D uncoupled Hofstadter models:
and the energy spectrum can be written as a Minkowski sum of its two 2D Hofstadter models ε(k) = {ε xz (k) + ε yw (k)} [49, 51] . Figure 3a shows an example the 4D energy spectrum φ z = φ w = 1/4. The system has two non degenerate energy bands and one degenerate energy band (composed of 14 energy bands). The second Chern numbers can be computed from the first Chern number of the two decoupled models with the help of the identity:
The lowest energy is non-degenerate. The algorithm is converging rapidly to the integer value even for the coarse grid of 3 × 3 × 12 × 12 sites and is thus converging as fast as the algorithm introduced in Ref. [49] to compute the second Chern number for non degenerate bands. The second energy band is highly degenerated and is composed of 14 energy bands. Results are presented in Fig. 3b of the number of points in the Brillouin zone N . Right Subfigure shows the log log plot of the relative error. One can see that even for a coarse grid, the algorithm is in the convergence regime. The convergence in terms of N is found by taking the linear regression of the log log plot and one finds a convergence in 1/N 2 . Finally, we also consider the magnetic fluxes φ w = φ z = 3/5. In this case, the first energy band is degenerate and is composed of 4 energy bands. Applying the algorithm, we find the convergence even for the coarse grid of 3 × 3 × 15 × 15 points.
C. Analysis of the system with coupled fluxes
We finally consider a more complex vector potential for Eq. (21): A x (r) = A y (r) = 0, A z (r) = 2πφ z x and and A w (r) = 2πφ w (y + x), with φ z = p 1 /q 1 and φ w = p 2 /q 2 . In this case, the system cannot be anymore separated in two independent Harper equations and one thus need an eficient algorithm to compute numerically the second Chern number. Here, the generalized Harper equation is given by:
where m = x/a and n = y/a. Due to the existence of the additional flux depending on x, the magnetic cell in the x direction has to be enlarged with respect to the flux φ w , i.e. the periodicity in the x direction equals to the least common multiple (LCM) of q 1 and q 2 LCM(q 1 , q 2 ). As the consequence the Brillouin zone in k x should be reduced to 0 ≤ k x ≤ 2π/LCM(q 1 , q 2 ). For the numerical simulations, we work with φ z = 1/3 and φ w = 1/8 such that the first energy band is degenerate, as shown in Fig. 4a . Results of the algorithm are presented in Fig. 4b . Even for a coarse grid, the algortihm already converges with an error of the order of 10 −3 . The linear fit on the Log log plot gives a convergence rate close to 1/N 2 . 
V. CONCLUSIONS AND OUTLOOK
In this work, we constructed an efficient algorithm to compute the second Chern number. The algorithm is based on the lattice gauge theory and converges quickly. We discussed the different steps of the algorithm and characterized its convergence to the continuous version. We have also applied this method to several paradigmatic 4D topological insulators including the lattice Dirac model, the 4D quantum Hall effect and the generalized 4D quantum Hall effect.
The development of observables and tools to characterize topological models in dimensions higher than three is timely and of growing importance, in view of the recent progress in quantum simulation. Indeed, quantum simulators of 4D quantum Hall effect have been proposed using synthetic dimensions or quasi-crystals, and other intriguing phenomena like the 5D generalization of Weyl semimetals [63] have been recently predicted. The first observations of the quadratic responses experimentally achieved through Thouless pump processes in 2D quantum systems. An efficient algorithm to compute the second Chern number is thus particularly important to experimentally identify the signature of the 4D quantum Hall effect. Furthermore, in order to simulate the generalized 4D quantum Hall effect one needs to determine the second Chern number with the help of this algorithm since in this case it can neither be computed analytically nor related to the first Chern numbers.
A direct generalization of the algorithm would be the study of the transverse conductivity with partially filled bands [64] . When the Fermi energy lies in an energy band, it is still possible to distinguish the contribution from the geometrical phase to the conductivity, often called Berry conductivity. The latter can be dominant in two dimensions in the so called anomalous Hall effect [65] . It would be interesting to generalize this notion to four dimensions and to propose an algorithm to compute the contribution of the second Chern number to the Berry conductivity.
The exploration of topological and many-body quantum systems has just begun. Most of the studies as we do in this work, have focused up to now on just one class of the periodic table in four dimensions. We expect that algorithms for computing the topological invariants and for characterizing topological models in other classes and in four and higher dimensions will be needed soon. 
